Generator of Pythagorean triples and Je$\acute{s}$manowicz conjecture by Feng, Nainrong
ar
X
iv
:2
00
1.
09
81
0v
1 
 [m
ath
.N
T]
  2
3 J
an
 20
20
Generator of Pythagorean triples and Jes´manowicz conjecture
Nianrong Feng
School of Computer and Information, Anhui Normal University
Abstract
Let a, b, c be relatively prime positive integers such that a2 + b2 = c2, 2|b. In this pa-
per, we show that Pythagorean triples (a, b, c) must satisfy abc ≡ 0 ( mod 3 · 4 · 5) and
c 6= 0 ( mod 3), and we also prove that for (a, b, c) ∈ {(a, b, c)|a ≡ 0 ( mod 3), b ≡
0 ( mod 4), c ≡ 0 ( mod 5)}
⋃
{(a, b, c)|b ≡ 0 ( mod 12), c ≡ 0 ( mod 5)}, the only so-
lution of
ax + by = cz z, y, z ∈ N
in positive integers is (x, y, z) = (2, 2, 2).
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1. Introduction
Let N be the set of positive integers and a, b, c be relatively prime positive integers such
that a2 + b2 = c2, 2|b. Such a triple (a, b, c) is called a Pythagorean triple, which can be
parameterized with
a = s2 − t2 , b = 2st , c = s2 + t2 (s, t ∈ N)
where s and t are relatively prime positive integers with s > t and s 6= t ( mod 2).
In this paper, triple (3, 4, 5) is called the Generator of Pythagorean Triple(GPT). The
set consisting of all Pythagorean triples is called a Pythagorean set, which is represented by
k.
In 1956, Jes´manowicz conjectured that the only solution of
ax + by = cz, x, y, z ∈ N(1.1)
in positive integers is (x, y, z) = (2, 2, 2). This is a unsolved problem on Pythagorean
numbers. In the same year, Sierpins´ki[6] proved that the equation 3x + 4y = 5z has
x = y = z = 2 as its only solution in positive integers. Jes´manowicz[1] showed that
when (a, b, c) ∈ {(5, 12, 13), (7, 24, 25), (9, 40, 41), (11, 60, 61)}, (1.1) has only the solution
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(x, y, z) = (2, 2, 2). Ma and Chen[10] proved that if 4 ∤ mn, then the equation
(m2 − n2)x + (2mn)y = (m2 + n2)z, y ≥ 2
only has the positive integer solution (x, y, z) = (2, 2, 2). Q. Han and P. Yuan[15] showed that
if 2|st and s + t has a prime factor p with p 6= 1( mod 16), then Jes´smanowicz’ conjecture
is true. M.Tang[4, 5] showed that Jes´manowicz conjecture is true for Pythagorean triples
(a, b, c) = (22
k
− 1, 22
k−1+1, 22
k
+ 1). Note that this is the first result dealing with (1.1) for
infinitely many triples (a, b, c).
In fact, most of the existing works on Jes´manowicz conjecture involve the special case of
Pythagorean triples, hoping to find a way to prove Jes´manowicz conjecture. In this paper,
we reveal the inner law of Pythagorean triples, and obtain the following result.
Theorem 1. Every Pythagorean triple (a, b, c) must contains all the factors of GPT.
(I) (a, b, c) satisfies
abc ≡ 0 ( mod 3 · 4 · 5) and c 6= 0 ( mod 3).
(II) GPT (3, 4, 5) divides set k into six disjoint subsets.

k1 ::= {a
2 + b2 = c2 | a ≡ 0 ( mod 3 ) , b ≡ 0 ( mod 4) , c ≡ 0( mod 5) };
k2 ::= {a
2 + b2 = c2 | b ≡ 0 ( mod 4 ) , a ≡ 0 ( mod 3 · 5) };
k3 ::= {a
2 + b2 = c2 | b ≡ 0 ( mod 3 · 4) , c ≡ 0 ( mod 5 ) };
k4 ::= {a
2 + b2 = c2 | b ≡ 0 ( mod 3 · 4) , a ≡ 0 ( mod 5 ) };
k5 ::= {a
2 + b2 = c2 | a ≡ 0 ( mod 3 ) , b ≡ 0 ( mod 4 · 5) };
k6 ::= {a
2 + b2 = c2 | b ≡ 0 ( mod 3 · 4 · 5) }.
where
k =
6⋃
i=1
ki , ki
⋂
i 6=j
kj = φ.
Theorem 2. Let (a, b, c) be a Pythagorean triple, if (a, b, c) ∈ k1
⋃
k3, then
ax + by = cz
has no positive integer solution other than (x, y, z) = (2, 2, 2).
2. Lemma
Lemma 1. (See [3], Proposition 1)Let s and t be co-prime positive integers of different
parities with s > t.
(i) Assume that s is even. Then the system of equations{
(s2 + t2)Z + (s2 − t2)X = 22Y−1s2Y ;
(s2 + t2)Z − (s2 − t2)X = 2t2Y .
2
only has the trivial solution X = Y = Z = 1.
(ii) Assume that t is even. Then the system of equations{
(s2 + t2)Z + (s2 − t2)X = 2t2Y ;
(s2 + t2)Z − (s2 − t2)X = 22Y−1s2Y .
only has the trivial solution X = Y = Z = 1.
Lemma 2. If (x, y, z) 6= (2, 2, 2) is a solution of the equation (1.1), then
x− z = 2k(k ≥ 0) and x ≥ 2, z ≥ 2.
Proof. Knowing s 6= t ( mod 2), we may suppose that 2|s. By b = 2st we have
st ≡ 0 ( mod 2) and b ≡ 0 ( mod 4).
By (1.1), we get
a2x + 2axby + b2y = c2z
Putting c2 = a2 + b2 into the above, we obtain
a2x + 2axby + b2y = a2z + b2z +
z−1∑
i=1
(
z
i
)
a2ib2(z−i),
a2z(a2(x−z) − 1) = b2z +
z−1∑
i=1
(
z
i
)
a2ib2(z−i) − 2axby − b2y.
Each term on the right end of the above is a multiple of 8. Because it has either the factor
b2 or the factor 2b. Now, taking the above modulo 8 yields the congruence
a2z(a2(x−z) − 1) ≡ 0 ( mod 8).
Noting that (a, 8) = 1 and ord8(a) = 4, we have x− z = 2k(k ≥ 0). If we take x = z = 1 to
(1.1), then y is not an integer. Therefore
x ≥ 2 and z ≥ 2.
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3. Proof of theorem 1
Proof. Since s 6= t ( mod 2), we may suppose that 2|s. It is clear that there are four
situations between (s, t) and (3, 5).

1 : (st, 3 · 5) = 1;
2 : (st, 5 ) = 1 and 3 | st;
3 : (st, 3 ) = 1 and 5 | st;
4 : 15 | st.
Case (st,3 · 5)=1. We write s and t in the form of 3λ+ η to analyze a and b.

1 : s = 3 · deven + 2 , t = 3 · deven + 1;
2 : s = 3 · deven + 2 , t = 3 · dodd + 2;
3 : s = 3 · dodd + 1 , t = 3 · deven + 1;
4 : s = 3 · dodd + 1 , t = 3 · dodd + 2.
Obviously, every combination of (s, t) has
a = s2 − t2 ≡ 0 ( mod 3),
and
c = s2 + t2 6= 0 ( mod 3).
Next, let’s write s and t in the form of 5λ+ η to probe a and b.

1 : s = 5deven + 2 , t = 5deven + 1;
2 : s = 5deven + 4 , t = 5deven + 3;
3 : s = 5dodd + 1 , t = 5dodd + 2;
4 : s = 5dodd + 3 , t = 5dodd + 4.
There are 16 combinations of s and t. For the convenience of discussion, it is written as
follows.
s = 5m+ i (i ∈ {1, 2, 3, 4} , m ∈ {dodd , deven}) ,(3.1)
t = 5n+ j (j ∈ {1, 2, 3, 4} , n ∈ {dodd , deven}) .(3.2)
Subcase i=j. By a = s2 − t2, we have
a = s2 − t2 = (5m)2 + 5mi− (5n)2 − 5ni.
taking the above modulo 5 yields the congruence
a = s2 − t2 ≡ 0 ( mod 5).
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Subcase i+j=5. Taking j = 5− i into (3.2), we have
a = s2 − t2 = (5m+ i)2 − (5n+ 5− i)2,
taking the above modulo 5 yields the congruence
a = s2 − t2 ≡ 0 ( mod 5).
Subcase (i , j)=(1,2),(1,-2),(-1,2),(-1,-2). Taking (i, j) into parameter expressions of a
and c, we get {
c = s2 + t2 = (5m± 1)2 + (5n± 2)2;
a = s2 − t2 = (5m± 1)2 − (5n± 2)2.
or {
c = s2 + t2 = (5m± 2)2 + (5n± 1)2;
a = s2 − t2 = (5m± 2)2 − (5n± 1)2.
taking the equations modulo 5 yields the congruence{
c = (s2 + t2) ≡ 0 ( mod 5);
a = (s2 − t2) ≡ ±2 ( mod 5).
In the case of (st, 15) = 1, the Pythagorean triplets (a, b, c) are distributed in{
k1 ::= {a
2 + b2 = c2 | a ≡ 0 ( mod 3) , b ≡ 0 ( mod 4) , c ≡ 0 ( mod 5)};
k2 ::= {a
2 + b2 = c2 | b ≡ 0 ( mod 4) , a ≡ 0 ( mod 3 · 5)}.
Case (3|st, 5 ∤ st). Without losing generality, we may suppose that 3|s. By b = 2st, we have
b ≡ 0 ( mod 3 · 4) and ( b , 5 ) = 1.
We have discussed the relationship between 5 and (s, t) and obtained
a = s2 − t2 ≡ 0 ( mod 5),
or
c = s2 + t2 ≡ 0 ( mod 5)
Therefore, all the Pythagorean triples (a, b, c) satisfying that (3|st, 5 ∤ st) fall into the set:{
k3 ::= {a
2 + b2 = c2 | b ≡ 0 ( mod 3 · 4) , c ≡ 0 ( mod 5)};
k4 ::= {a
2 + b2 = c2 | b ≡ 0 ( mod 3 · 4) , a ≡ 0 ( mod 5)}.
Case (5|st, 3 ∤ st). Supposing 5|s, by the parametric expression of a, b, c, we have
b ≡ 0 ( mod 4 · 5) and (b, 3) = 1
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According to the properties of (s, t) modules 3 discussed earlier, we get
a = s2 − t2 ≡ 0 ( mod 3),
and
c = s2 + t2 6= 0 ( mod 3).
It follows that this kind of Pythagorean triples (a, b, c) falls in
k5 ::= {a
2 + b2 = c2 | a ≡ 0 ( mod 3) , b ≡ 0 ( mod 4 · 5)}
Case (15|st). Similarly, by the parametric expression of a, b, c, we have
b = 2st ≡ 0 ( mod 3 · 4 · 5) and (ac, 3 · 5) = 1.
This kind of Pythagorean triples (a, b, c) falls in
k6 ::= {a
2 + b2 = c2 | b ≡ 0 ( mod 3 · 4 · 5)}
To sum up, the Generator of Pythagorean triple (3, 4, 5) divides the Pythagorean set k into
six subsets, which are:

k1 ::= {a
2 + b2 = c2 | a ≡ 0 ( mod 3 ) , b ≡ 0 ( mod 4) , c ≡ 0( mod 5) };
k2 ::= {a
2 + b2 = c2 | b ≡ 0 ( mod 4 ) , a ≡ 0 ( mod 3 · 5) };
k3 ::= {a
2 + b2 = c2 | b ≡ 0 ( mod 3 · 4) , c ≡ 0 ( mod 5 ) };
k4 ::= {a
2 + b2 = c2 | b ≡ 0 ( mod 3 · 4) , a ≡ 0 ( mod 5 ) };
k5 ::= {a
2 + b2 = c2 | a ≡ 0 ( mod 3 ) , b ≡ 0 ( mod 4 · 5) };
k6 ::= {a
2 + b2 = c2 | b ≡ 0 ( mod 3 · 4 · 5) }.
a, b, c are relatively prime positive integers, which ensure that every Pythagorean triple
(a, b, c) can only belong to a subset, namely
k =
6⋃
i=1
ki , ki
⋂
i 6=j
kj = φ
4. Proof of theorem 2
Proof. Knowing that
k1 ::= {a
2 + b2 = c2 | a ≡ 0 ( mod 3) , b ≡ 0 ( mod 4) , c ≡ 0 ( mod 5)},
and
k3 ::= {a
2 + b2 = c2 | b ≡ 0 ( mod 3 · 4) , c ≡ 0 ( mod 5)}.
6
Taking the equations 1.1 modulo 5, by ord5(a) = 4 we have
aϕx + bϕy ≡ 0 ( mod 5)(4.1)
where 0 ≤ x ≡ ϕx ( mod 5) , y ≡ ϕy ( mod 5) ≤ 3.
When s = 5m± 1 , t = 5n± 2 , we have

c ≡ 0 ( mod 5);
b = 2st ≡ ±4 ( mod 5);
a = s2 − t2 ≡ ±2 ( mod 5).
(4.2)
It can be seen from the above that formula (4.1) can only be established when ϕx = ϕy = 2.
Taking the equations 1.1 modulo 8, by ord8(a) = 4 we have
aϕx ≡ cϕz ( mod 8)(4.3)
where 0 ≤ z ≡ ϕz ( mod 8) ≤ 3. By lemma 2 we get ϕx = ϕz = 2. Therefore
x = 4k1 + 2, y = 4k2 + 2, z = 4k3 + 2,
a4k1+2 + b4k2+2 = c4k3+2.(4.4)
Taking a = s2 − t2, b = 2st, c = s2 + t2 into the above, we obtain
(2st)4k2+2 =
(
s2 + t2
)4k3+2 − (s2 − t2)4k1+2(4.5)
(2st)4k2+2 =
[(
s2 + t2
)2k3+1 − (s2 − t2)2k1+1] [(s2 + t2)2k3+1 + (s2 − t2)2k1+1]
Set {
(s2 + t2)2k3+1 + (s2 − t2)2k1+1 = µ;
(s2 + t2)2k3+1 − (s2 − t2)2k1+1 = ν.
From the above we get
(s2 + t2)2k3+1 =
µ+ ν
2
(4.6)
(s2 − t2)2k1+1 =
µ− ν
2
(4.7)
Let
s = 2α
k∏
i=1
pαii , t =
m∏
i=1
q
βi
i
7
be the standard prime factorization of s and t with p1 < · · · < pk and q1 < · · · < qm.
Since a, b are odd and µ
2
6= ν
2
( mod 2). For the convenience of discussion, we may
suppose that ν ≡ 2 ( mod 4 ) and ν = 2(pα11 )
4k2+2. Of course
µ = 24k2+1
(
2α
k∏
i=2
pαii
m∏
i=1
q
βi
i
)4k2+2
.
Taking µ, ν into (4.6) and (4.7), we have
(
s2 + t2
)2k3+1
= 24k2
(
2α
k∏
i=2
pαii
m∏
i=1
q
βi
i
)4k2+2
+ (pα11 )
4k2+2(4.8)
(
s2 − t2
)2k1+1 = 24k2
(
2α
k∏
i=2
pαii
m∏
i=1
q
βi
i
)4k2+2
− (pα11 )
4k2+2(4.9)
(4.8)-(4.9), we get
(
s2 + t2
)2k3+1 − (s2 − t2)2k1+1 = 2 (pα11 )4k2+2 .(4.10)
when k1 = k2 = k3 = 0, from the above we get t
2 = p2α11 , which is impossible. We may
suppose that ν = 2(qβ11 )
4k2+2, then
µ = 24k2+1
(
2α
k∏
i=1
pαii
m∏
i=2
q
βi
i
)4k2+2
.
Taking µ, ν into (4.6) and (4.7), we have
(
s2 + t2
)2k3+1 = 24k2
(
2α
k∏
i=1
pαii
m∏
i=2
q
βi
i
)4k2+2
+
(
q
β1
1
)4k2+2
(4.11)
(
s2 − t2
)2k1+1
= 24k2
(
2α
k∏
i=1
pαii
m∏
i=2
q
βi
i
)4k2+2
−
(
q
β1
1
)4k2+2
(4.12)
(4.11)-(4.12), we have
(
s2 + t2
)2k3+1 − (s2 − t2)2k1+1 = 2(qβ11 )4k2+2(4.13)
When k1 = k2 = k3 = 0, from the above we get t
2 = q2β11 . It’s impossible. As long as the
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value of ν is a partial factor of s or t, expressions (4.6) and (4.7) are contradictory.
Now, we may Suppose that ν = 2t4k2+2, then µ = 24k2+1s4k2+2. Taking µ and ν into (4.6)
and (4.7), we get
(s2 + t2)2k3+1 = 24k2s4k2+2 + t4k2+2(4.14)
(s2 − t2)2k1+1 = 24k2s4k2+2 − t4k2+2(4.15)
(4.14)+(4.15)(4.14)-(4.15), we have
(s2 + t2)2k3+1 + (s2 − t2)2k1+1 = 24k2+1s4k2+2(4.16)
(s2 + t2)2k3+1 − (s2 − t2)2k1+1 = 2t4k2+2(4.17)
By Lemma 1, we obtain that k1 = k2 = k3 = 0, namely x = y = z = 2.
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